Abstract: In this paper, a numerical solution of the Rosenau-Korteweg-de Vries (Rosenau-KdV) equation, based on subdomain method using sextic B-spline is utilized to simulate the motion of single solitary wave. The two invariants of the motion are worked out to define the conservation properties. L 2 and L ∞ error norms are used to measure differences between the analytical and numerical solutions. Applying the von-Neumann stability analysis, the proposed method is illustrated to be unconditionally stable. The method is applied on three test examples, and the computed numerical solutions are in good agreement with the result available in literature as well as with exact solutions. The numerical results depict that the scheme is efficient and feasible.
Introduction
Special forms of water waves known as dispersive shallow water waves are receiving quite a bit of attention during the past few years [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] . Some of these models are Rosenau-KdV equation, Rosenau-Kawahara equation and Rosenau-KdV-RLW equation. In these few models, it is the dispersion that dominates but nevertheless maintains a delicate balance with nonlinearity which ensures the propagation of dispersive solitary waves. Thus far, there are many analytical results that are reported in this context. This paper will change its focus and gear towards numerical simulations of the model so that the model can be analyzed from a different perspective.
The Korteweg-de Vries equation is the milestone of the nonlinear science derived by Korteweg and de Vries as the following [11, 2, 13, 14, 15, 16] :
Eq. (1) is a fundamental mathematical model to describe of weakly nonlinear long wave propagation in dispersive media.
The equation is an significant partial differential equation which arises in the study of many physical phenomena. In the study of the dynamics of dense discrete systems, the case of wave-wave and wave-wall interactions can not be described using the well-known KdV equation. Philip Rosenau developed a formulation to treat the dynamics of dense discrete systems to get over this deficiency of the KdV equation [17, 18] . Rosenau equation is stated by
On the numerical solutions of the Eq. (2), many studies have been performed by the scholars [19, 20, 21, 22, 23] . Then, for the further consideration of the nonlinear wave, Jin-Ming Zuo developed the following so-called Rosenau-KdV equation and discussed the solitary wave solutions and periodic solutions of its with the sine-cosine and the tanh methods in
Ref. [24] U t +U xxxxt +U x +UU x +U xxx = 0,
where U xxx is the viscous term and subscripts x and t denote differentiation. Recently, the solitary solutions were examined for the generalized Rosenau-KdV eqaution [25, 26, 27] . Two invariants were given for the equation in [25, 26] .
Especially, in Ref. [26] both the singular single soliton solution is derived by the ansatz method and the perturbation theory is applied to obtain the adiabatic parameter dynamics of the water waves. The ansatz method is carried out to obtain the topological soliton (shock) solution of the generalized Rosenau-KdV equation [27] . The G ′ /G expansion, ansatz and the exp-function methods are implemented to achieve several solutions to the equation [28] . A conservative three-level linear finite difference scheme for the numerical solution of the initial-bounday value problem of the Rosenau-KdV equatin is suggested [29] . A mathematical model to obtain the solution of the nonlinear wave by coupling the Rosenau-KdV equation and the Rosenau-RLW equation is proposed. A numerical tool is applied to the model by using a three-level average implicit finite difference technique. The fundamental conservative properties of the equation are preserved by the presented numerical scheme, and the existence and uniqueness of the numerical solution are proved [30] .
In the present paper, a numerical scheme based on the sextic B-spline subdomain method has been set up for solving the Rosenau-KdV equation with a variant of both initial and boundary conditions. This work is set out as the following. In Section 2, sextic B-spline subdomain scheme is presented. In Section 3, stability analysis of the scheme is considered. In Section 4, numerical examples and results of the equation are obtained. Finally in Section 5, a summary is given at the end of the paper.
2 Sextic B-spline subdomain finite element method
Consider the Rosenau-KdV Eq. (3) is given by the following initial and boundary conditions:
The interval [a, b] is divided by uniformly sized finite elements of equal length h by the knots x m like that 
where h = (x m+1 − x m ). Using (6) and (7), the nodal values U and its first, second and third derivatives at the knots x m are obtained as the following:
A typical finite interval [x m , x m+1 ] is turned into the interval [0, 1] by local coordinates ξ regarding the global coordinates
so the sextic B-spline shape functions over the element
Since all splines other than
. Approximation (7) over this element can be noted down in terms of basis functions (10) as 
creates the weak form
Substituting the transformation (10) into weak form (13) and integrating Eq. (13) term by term with some manipulation by parts, brings on
where the dot indicates differentiation with respect to t and
If time parameters δ m and its time derivativesδ m in Eq. (13) are discretized by the Crank-Nicolson and forward difference approach respectively,
we obtain a recurrence relationship between two time levels n and n + 1 relating two unknown parameters δ
where
and
The system (16) 
To get a solution of this system, we need six additional constraints. These are obtained from the boundary conditions (5). These conditions provide us elimination of the parameters δ −3 , δ −2 , δ −1 , δ N , δ N+1 and δ N+2 from the system (16) which then becomes a matrix equation for the N unknowns d = (δ 0 , δ 1 , . . . , δ N−1 ) of the form 
The resulting system can be effectively solved with a variant of the Thomas algorithm, and we need an inner iteration δ n * = δ n + 1 2 (δ n − δ n−1 ) at each time step to cope with the non-linear term Z m . A typical member of the matrix system (16) can be written in terms of the nodal parameters δ n m as
To start the iteration relation system equation ( 
N+2 from the system (16) we get N × N matrix system of the form
where W is 
This matrix system can be solved effectively by using a variant of Thomas algorithm.
Stability analysis
The stability analysis is based on the von-Neumann theory in which the growth factor of a typical Fourier mode
where k is mode number and h is the element size, is determined for a linearization of the numerical scheme. To carry out the stability analysis, the Rosenau-KdV equation needs to be linearized by supposing that the quantity U in the non-linear term UU x is locally constant. Substituting the equation (23) into the scheme (20) we have
where a = (1208 + 8µ) + (1191 − 9µ) cos(kh) + 120 cos(2kh)
Taking the modulus of equation (24) gives |ξ | = 1, hence we find that the scheme (20) is unconditionally stable.
Numerical examples and results
In this section, we consider the motion of single solitary wave and three test examples. Accuracy and efficiency of the method is measured by the error norm L 2
and the error norm L ∞
Rosenau-KdV equation satisfies only two conservation laws given by Ref.
[25]
In the simulation of solitary wave motion, the invariants I 1 and I 2 are monitored to check the conversation of the numerical algorithm.
The motion of single solitary wave
For this problem, we consider solitary wave solution of Eq. 
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For the numerical simulation of this problem, three sets of parameters have been chosen and discussed. Firstly, we have used the parameters space step h = 0.1 and time step ∆t = 0.1 over the problem domain [−70, 100] to coincide with those of earlier results [29, 30] . So, the solitary wave has an amplitude 0.52632 and the run of the algorithm is carried up to time t = 40 to obtain the invariants and error norms L 2 and L ∞ at various times. Error norms L 2 , L ∞ and two invariants of the Rosenau-KdV equation are listed in Table 1 . It is seen from the table that the error norms are found to be small enough.
The percentage of the relative error of the conserved quantities I 1 and I 2 are calculated with respect to the conserved quantities at t = 0. Percentage of relative changes of I 1 and I 2 are found to be 2.2211 × 10 −6 %, 6 × 10 −10 %, respectively.
Thus, the invariants remain almost constant during the computer run. Also, Table 1 exhibits a comparison of the values of the invariants and error norms obtained by the present method with those obtained by earlier results [29, 30] . It can be seen from the Table 1 that the error norms obtained by the present method are smaller than given in Ref. [29] and almost the same in Ref. [30] at t = 20. Figure 1 shows the motion of solitary wave with h = 0.1 and ∆t = 0.1 at different time levels. It is observed that the soliton moves to the right at a constant speed and preserves its amplitude and shape with an increasing of time, as expected. The distributions of the errors at time t = 40 are illustrated for solitary waves amplitudes 0.52632 in Figure 2 .
For the second set, the parameters h = 0.05 and ∆t = 0.05 with range [−70, 100] are taken to compare the results obtained by the present method with earlier results [29, 30] . So, the solitary wave has amplitude 0.52632 and the simulations are run up to time t = 40 to obtain the invariants and the error norms L 2 and L ∞ at various times. Error norms L 2 and L ∞ and conserved quantities are reported in Table 2 together with earlier results [29, 30] . It can be easily seen from the table that the error norms obtained by the present method are smaller than given in Ref. [29] and almost the same in Ref. [30] at [29, 30] . So, the solitary wave has amplitude 0.52632 and the computations are done until time t = 40 to obtain the invariants and the error norms L 2 and L ∞ at various times. Error norms L 2 and L ∞ and conserved quantities are tabulated in Table 3 together with earlier results [29] . It is clearly seen from the table the error norms obtained by the present method are smaller than given in Ref. [29] and almost te same in Ref. [30] at t = 20. The agreement between numerical and analytic solutions is perfect. Percentage of relative changes of I 1 and I 2 are found to be 3.8382 × 10 −6 %, 3.7 × 10 −7 %, respectively. It is clear that the soliton moves to the right at a constant speed and almost unchanged amplitude as time increases, as expected. The profiles of the solitary wave at different time levels are depicted in Figure 5 . The distributions of the errors at time t = 40 are shown graphically for solitary waves amplitudes 0.52632 in Figure 6 . 
Conclusion

